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Within the electroweak theory, it is shown that the form of the total Lagrangian is invariant, under
local phase changes of the basis states for leptons and under local changes of the mathematical spaces
employed for the description of left-handed spinor states of leptons. In doing this, a contribution
from vacuum fluctuations of the leptonic fields, which causes no experimentally-observable effect, is
added to the total connection field. Accompanying the above-mentioned changes of basis states, the
leptonic and connection fields are found to undergo changes whose forms are similar to U(1) and
SU(2) gauge transformations, respectively. These results suggest a simple physical interpretation
to gauge symmetries in the electroweak theory.
I. INTRODUCTION
Gauge symmetry and Lorentz symmetry are the most
important symmetries in modern physics, particularly, in
the establishment of the standard model (SM) [1–3]. The
physical origin of the Lorentz symmetry is quite clear,
which is based on the fact that no inertial frame of ref-
erence has been found physically superior to any other
one. In contrast, physical origin of the gauge symmetry
is much less clear. Further understanding of the latter
should be useful in the study of various topics, such as
going beyond the SM, which has attracted lots of atten-
tion in recent years (see, e.g., Refs.[4–11]).
One interesting question is whether gauge transforma-
tions of leptonic fields, or part of them, may be related
to changes of basis states that are employed in the de-
scription of leptonic states. As an example, one may
consider the quantum electrodynamics (QED), in which
a gauge transformation of the electronic field ψe(x) is
written as ψe(x) → e−iϕ(x)ψe(x). This transformation
has a form that is similar to the change of a single-particle
wave function φ(x) = 〈x|φ〉 under the following change
of the basis states |x〉, namely, |x〉 → eiϕ(x)|x〉, result-
ing in φ(x) → e−iϕ(x)φ(x). Although this similarity is
instructive, to take it in a serious way, an immediate
problem is that the field ψe(x) is much more complex
than a single-particle wave function. Moreover, to get
deeper understandings for gauge symmetries along this
line of approach, several further questions should be an-
swered. Particularly, (i) whether gauge transformations
of bosonic fields may be understood in some related way;
and (ii) whether this approach could be useful for more
complicated gauge transformations, such as SU(2) trans-
formations in the Glashow-Weinberg-Salam (GWS) elec-
troweak theory [1–3], which involve rotations in an in-
trinsic degree of freedom of leptons.
In this paper, we show that the above questions have
positive answers within the electroweak theory. Partic-
ularly, it is shown that, under certain local changes of
the basis states for leptons, the total Lagrangian pos-
sesses symmetries whose forms are similar to the U(1)
and SU(2) gauge symmetries. We are to focus on the
first generation of leptons, because other generations can
be treated in the same way.
In order to study changes of leptonic spinor bases
and spaces, an appropriate framework is supplied by
the spinor theory [12–16], which is based on the so-
called SL(2, C) group, a covering group of the proper,
orthochronous Lorentz group. Although the relationship
between Dirac spinors and two-component Weyl spinors
in the spinor theory is well known, detailed properties of
Weyl spinors are not widely discussed in physics. More-
over, the ordinary notation used in the spinor theory is
not always convenient when discussing quantum states.
For these reasons, before discussing the physics, in Sec.II
we recall basic results of the spinor theory and write them
in an abstract notation that uses Dirac’s kets and bras.
We found that the total Lagrangian in the GWS the-
ory may have the above-mentioned symmetries, if a
contribution from vacuum fluctuations of the leptonic
fields, which causes no experimentally-observable effect,
is added to the total connection field. This small mod-
ification to the GWS theory is discussed in Sec.III. In
Sec.IV, we discuss local phase changes of basis states for
leptons, which leads to results that have forms similar to
U(1) gauge transformations. Then, in Sec.V, we discuss
certain changes of the spinor spaces for left-handed (LH)
spinor states of leptons. It is shown that this leads to
changes of fields that have forms similar to SU(2) gauge
transformations. Finally, conclusions and discussions are
given in Sec.VI.
II. SPINORS AND VECTORS IN AN
ABSTRACT NOTATION
In this section, we recall basic properties of spinors
[12–16], which are useful in the discussions to be given
in later sections. The theory of spinors usually employs
a notation, in which spinors are described by their com-
ponents. But, in the study of changes of spinor bases, it
is more convenient to write spinors in the abstract nota-
tion of Dirac’s kets and bras as done in Ref.[16]. Specifi-
cally, we discuss basic properties of two-component Weyl
spinors in the abstract notation in Sec.II A, and discuss
the abstract notation for stationary solutions of the Dirac
equation in Sec.II B. We recall basic properties of four-
2component vectors in Sec.II C and discuss their abstract
expressions in Sec.II D.
Two conventions are to be followed in this paper, un-
less otherwise stated. The first one is that each pair of
repeated label in a product implies summation over the
label. The second one, which is used in the spinor theory,
is that an overline indicates complex conjugate; for this
reason, we do not write, say, U †γ0 as U .
A. Basic properties of two-component spinors
In this section, we give a brief discussion for Weyl
spinors in Dirac’s abstract notation [17]. In the spinor
theory, there are two smallest nontrivial representation
spaces of the SL(2, C) group, which are spanned by two
types of Weyl spinors, with the relationship of complex
conjugation. We use W to denote one of these two spaces.
In terms of components, a Weyl spinor in W is written
as, say, κA with an index A = 0, 1. In the abstract
notation, a basis in the space W is written as |SA〉 and
the above spinor is expanded as
|κ〉 = κA|SA〉, (1)
where a summation over A is implied by a convention
discussed above. One may introduce a space that is dual
to W , composed of bras with a basis written as 〈SA|.
In order to construct a product that is a scalar under
SL(2, C) transformations, the bra dual to the ket |κ〉
should be written as
〈κ| = 〈SA|κA, (2)
which has the same components as |κ〉 in Eq.(1), but not
their complex conjugates. (See Appendix A for a brief
discussion of some basic properties of SL(2, C) transfor-
mations.)
Scalar products of the basis spinors satisfy
〈SA|SB〉 = ǫAB, (3)
where
ǫAB =
(
0 1
−1 0
)
. (4)
It proves convenient to introduce another matrix ǫAB,
which has the same elements as ǫAB. These two matrices
can be used to raise and lower indexes of components, say,
κA = ǫABκB, κA = κ
BǫBA, (5)
as well as for the basis spinors, namely, |SA〉 = |SB〉ǫBA
and |SA〉 = ǫAB|SB〉. It is not difficult to verify that (i)
〈SA|SB〉 = ǫAB; (ii)
f A... (g)
···
A = −f...A (g)···A; (6)
and (iii) the symbols ǫ AC = ǫ
BAǫBC and ǫ
A
C = ǫ
ABǫBC
satisfy the relation
ǫ AC = −ǫAC = δAC , (7)
where δAB = 1 for A = B and δ
A
B = 0 for A 6= B.
The scalar product of two generic spinors |χ〉 and |κ〉,
written as 〈χ|κ〉, has the expression
〈χ|κ〉 = χAκA. (8)
The anti-symmetry of ǫAB implies that
〈χ|κ〉 = −〈κ|χ〉 (9)
and, as a consequence, 〈κ|κ〉 = 0 for all |κ〉. Moreover, we
note the following properties: (i) The identity operator
IW in the space W can be written as
IW = |SA〉〈SA|, (10)
satisfying IW |κ〉 = |κ〉 for all |κ〉 ∈ W ; and (ii) the com-
ponents of |κ〉 have the following expressions,
κA = 〈SA|κ〉, κA = 〈SA|κ〉. (11)
An operation of complex conjugation can be intro-
duced, converting W to a space denoted by W , which
is the other representation space of the SL(2, C) group
mentioned in the beginning of this section. This oper-
ation changes spinors |κ〉 in W to spinors in W , writ-
ten as |κ〉. Corresponding to the basis |SA〉 ∈ W , the
space W has a basis denoted by |SA′〉 with a primed
label A′ = 0′, 1′. In the basis of |SA′〉, |κ〉 is written as
|κ〉 = κA′ |SA
′
〉, (12)
where
κA
′
:= (κA)∗. (13)
Similar to the ǫ matrices discussed above, one introduces
matrices ǫA
′B′ and ǫA′B′ , which have the same elements
as ǫAB and are used to raise and lower primed labels. The
identity operator in the space W , denoted by I
W
has the
form I
W
= |SA
′
〉〈SA′ |. When a spinor κA is transformed
by an SL(2, C) matrix, the spinor κA
′
is transformed by
the complex-conjugate matrix (see Appendix A).
B. Dirac spinors in the abstract notation
In this section, we briefly discuss some properties of
Dirac spinors written in the abstract notation of Dirac’s
kets and bras [17]. The Dirac equation for a free electron
with a mass m has two solutions labelled by a Lorentz
invariant index r = 0, 1, i.e., U r(p)e−ipx with a three-
momentum p and a four-momentum p, where x = xµ
and p = pµ = (p0,p) with µ = 0, 1, 2, 3, satisfying pµpµ =
m2 with p0 > 0. Here, U r(p) are four-component Dirac
spinors satisfying
(γµpµ −m)U r(p) = 0. (14)
3In the chiral representation of the γµ-matrices, a four-
component Dirac spinor is decomposed into two two-
component Weyl spinors, the LH part and the right-
handed (RH) part [2, 12–14]. Specifically, the spinor
U r(p) is written as
U r(p) =
1√
2
(
ur,A(p)
vrB′(p)
)
. (15)
In labels for two-component spinors, the γµ-matrices
are written as
γµ =
(
0 σµAB
′
σµA′B 0
)
, (16)
where σµAB
′
are the so-called Enfeld-van der Waerden
symbols, in short EW-symbols [12–16]. Here, σµA′B in-
dicates the complex conjugate of σµAB′ , namely, σ
µ
A′B =
(σµAB′)
∗. An often-used set of explicit expressions for
these symbols is given below,
σ0AB
′
=
(
1 0
0 1
)
, σ1AB
′
=
(
0 1
1 0
)
,
σ2AB
′
=
(
0 −i
i 0
)
, σ3AB
′
=
(
1 0
0 −1
)
. (17)
The stationary Dirac equation (14) is, then, split into
two equivalent subequations, namely,
pµσ
µAB′vrB′(p)−mur,A(p) = 0, (18a)
pµσ
µ
B′Au
r,A(p)−mvrB′(p) = 0. (18b)
Correspondingly, a solution for a free positron with
a four-momentum p (p0 > 0) is usually written as
V r(p)eipx, satisfying
(γµpµ +m)V
r(p) = 0, (19)
where
V r(p) =
1√
2
(
ur,A(p)
−vrB′(p)
)
. (20)
In the abstract notation, the Weyl spinors ur,A(p) and
vrB′(p) are written as
|ur(p)〉 = urA(p)|SA〉 = −ur,A(p)|SA〉, (21a)
|vr(p)〉 = vrB′(p)|SB
′〉. (21b)
They satisfy the following relations,
〈ur(p)|us(p)〉 = 〈vr(p)|vs(p)〉 = ǫrs, (22)
〈vr(p)|ur(p)〉 = δrs. (23)
Then, the Dirac spinors U r(p) and V r(p) are written as
|U r(p)〉 = 1√
2
( |ur(p)〉
|vr(p)〉
)
, (24a)
|V r(p)〉 = 1√
2
( |ur(p)〉
−|vr(p)〉
)
. (24b)
To be consistent with the expression of bra in Eq.(2) for
two-component spinors, the bras corresponding to the
above two kets should be written as
〈U r(p)| = 1√
2
(〈ur(p)|, 〈vr(p)|) , (25a)
〈V r(p)| = 1√
2
(〈ur(p)|,−〈vr(p)|) , (25b)
without taking complex conjugate for the two-component
spinors. Direct derivation shows that
〈U r(p)|Us(p)〉 = 〈V r(p)|V s(p)〉 = ǫrs. (26)
Meanwhile, the complex conjugates of, say, |U r(p)〉 and
〈U r(p)| are written as
|Ur(p)〉 = 1√
2
( |ur(p)〉
|vr(p)〉
)
, (27a)
〈U r(p)| = 1√
2
(〈ur(p)|, 〈vr(p)|) . (27b)
Although a product 〈U ′(p)|U(p)〉 is a Lorentz scalar,
it is not an inner product, because Eq.(26) gives that
〈U(p)|U(p)〉 = 0. In order to get the well-known inner
product used in QED written in the abstract notation,
the matrix γ0 that is used in ordinary expressions such
as U †γ0 should be replaced by the following matrix γc
[16],
γc =
(
0 −1
1 0
)
. (28)
Then, the inner product is written in a form of, say,
〈Û r(p)|Us(p)〉, where
〈Û r(p)| := 〈U r(p)|γc = (〈vr(p)|,−〈ur(p)|). (29)
It is straightforward to verify the following relations,
〈Û r(p)|Us(p)〉 = δrs, 〈V̂ r(p)|V s(p)〉 = δrs, (30a)
〈Û r(p)|V s(p)〉 = 0, 〈V̂ r(p)|Us(p)〉 = 0. (30b)
C. Basic properties of four-component vectors
In this section, we recall basic properties of four-
component vectors as special cases of spinors [12–14]. We
use the ordinary notation in this section and will discuss
the abstract notation in the next section.
A basic point is a one-to-one mapping between a direct-
product space W ⊗ W and a four-dimensional vector
space denote by V , which is given by the EW-symbols
discussed above. For example, by the following relation,
a spinor φAB′ in the space W ⊗ W can be mapped to a
vector in the space V , denoted by Kµ,
Kµ = σµAB
′
φAB′ . (31)
4In the space V , of particular importance is a symbol
denoted by gµν , defined by the following relation with
the ǫ-symbols discussed previously,
gµν = σµAB
′
σνCD
′
ǫACǫB′D′ . (32)
One can introduce a lower-indexed symbol gµν , which has
the same matrix elements as gµν , namely, [gµν ] = [gµν ].
These two symbols g, like the symbols ǫ in the space W ,
can be used to raise and lower indexes, e.g.,
Kµ = K
νgνµ, K
µ = gµνKν . (33)
Making use of the anti-symmetry of the symbols ǫ, it is
easy to verify that gµν is symmetric, i.e.,
gµν = gνµ. (34)
Due to this symmetry, the upper/lower positions of re-
peated indexes (µ) are exchangeable, namely
F µ... (f)
···
µ = F...µ(f)
···µ. (35)
The EW-symbols have the following properties,
σAB
′
µ σ
µ
CD′ = δ
AB′
CD′ , σ
µ
AB′σ
AB′
ν = δ
µ
ν , (36)
where δµν = 1 for µ = ν and δ
µ
ν = 0 for µ 6= ν, and
δAB
′
CD′ := δ
A
Cδ
B′
D′ . Making use of the relations in Eq.(36), it
is not difficult to check that the map from W ⊗W to V
given in Eq.(31) is reversible. Moreover, noting Eq.(7),
one finds that
σµAB′σ
µ
CD′ = ǫACǫB′D′ . (37)
Then, substituting the definition of gµν in Eq.(32) into
the product gµνgνλ, after simple algebra, one gets that
gµνgνλ = g
µ
λ = g
µ
λ = δ
µ
λ . (38)
When a SL(2, C) transformation is carried out on the
space W , a related transformation should be applied to
the space V . Requiring invariance of the EW-symbols,
transformations on the space V can be fixed and turn
out to constitute a (restricted) Lorentz group (Appendix
A). Therefore, the space V is a four-component vector
space. In fact, substituting the explicit expressions of
the EW-symbols in Eq.(17) into Eq.(32), one gets
gµν = σµA′Bσ
νA′B =
 1 0 0 00 −1 0 00 0 −1 0
0 0 0 −1
 , (39)
which is just the Minkovski’s metric. Furthermore, for
two arbitrary vectors Jµ and Kµ in the space V , one
can show that both of the two products given below,
JνK
ν = JµgµνK
ν & J∗νK
ν = Jµ∗gµνK
ν, (40)
are scalars under Lorentz transformations (Appendix A),
where the second product is the one used in QED.
D. Abstract notation for four-component vectors
In the abstract notation, a basis in the space V is
written as |Tµ〉. The index of the basis can be raised by
gµν , i.e., |T µ〉 = gµν |Tν〉, and similarly |Tµ〉 = gµν |T ν〉.
A generic four-component vector |K〉 in the space V is
expanded as
|K〉 = Kµ|T µ〉 = Kµ|Tµ〉. (41)
In consistency with the expression of bra in Eq.(2) for
two-component spinors, the bra corresponding to |K〉 is
written as
〈K| = 〈Tµ|Kµ. (42)
Requiring that
〈Tµ|Tν〉 = gµν , (43)
it is easy to check that the scalar product JνK
ν is written
as 〈J |K〉, namely, 〈J |K〉 = JνKν , similar to the case of
two-component spinors in Eq.(3).
It is not difficult to verify the following properties. (i)
Making use of Eq.(38), one finds that the identity oper-
ator in the space V can be written as
IV = |Tµ〉〈T µ| = |T µ〉〈Tµ|. (44)
(ii) The components Kµ and Kµ have the following ex-
pressions,
Kµ = 〈T µ|K〉, Kµ = 〈Tµ|K〉. (45)
(iii) The symmetry of gµν implies that 〈Tµ|Tν〉 = 〈Tν |Tµ〉,
as a result,
〈K|J〉 = 〈J |K〉. (46)
Basis spinors in the space W ⊗ W can be written as
|SAB′〉 := |SA〉|SB′〉, or |SB′A〉 := |SB′〉|SA〉. Due to the
generic connection between spin and statistics [18, 19],
we assume anticommutability for the order of the kets
(similar for bras), that is
|SA〉|SB′〉 = −|SB′〉|SA〉 ∀A,B′. (47)
For basis in the space dual to W ⊗ W , we write, say,
〈SB′A| := 〈SB′ |〈SA|.
Since |SAB′〉 = |SA′B〉 = −|SBA′〉, the operation of
complex conjugation maps the space V into itself. We
use |Tµ〉 to denote the complex conjugate of |Tµ〉. Since
|Tµ〉 and |Tµ〉 lie in the same space, it is unnecessary to
introduce any change to the label µ. Hence, |Tµ〉 can
be written as |Tµ〉 with the label µ unchanged. There
exists some freedom in the determination of the relation
between |Tµ〉 and |Tµ〉. It proves convenient to assume
that the basis vectors |Tµ〉 are “real”, that is,
|Tµ〉 = |Tµ〉. (48)
5Then, the complex conjugates of |K〉 and 〈K| are writ-
ten as
|K〉 = Kµ∗|Tµ〉, 〈K| = 〈Tµ|Kµ∗. (49)
The second scalar product in Eq.(40) is written as
〈J |K〉 = J∗µKµ, (50)
and it is easy to verify that
〈K|J〉∗ = 〈J |K〉. (51)
It proves convenient to introduce an operator related
to the EM-symbols, denoted by σ, namely,
σ := σµAB
′ |Tµ〉〈SB′A|. (52)
Using σ to indicate the complex conjugate of σ, Eq.(52)
gives
σ = σµA
′B|Tµ〉〈SBA′ |, (53)
where σµA
′B = (σµAB
′
)∗. Making use of the explicit
expressions of the EM-symbols in Eq.(17), it is easy to
verify that
σB
′A
µ = σ
AB′
µ . (54)
One can show that σ = −σ.
III. VACUUM CONTRIBUTION TO THE
CONNECTION FIELD
In this section, after recalling some basic contents of
the electroweak theory in Sec.III A, we discuss a pos-
sible contribution to the connection field from vacuum
fluctuations of the leptonic fields in Sec.III B. Finally, in
Sec.III C we discuss gauge transformations for this part
of the connection field.
A. The Lagrangian and gauge transformations in
the electroweak theory
We use a label η to indicate species of leptons, with
η = e for electron and η = ν for electron neutrino,
and use η to indicate the antiparticle of η. The label
η does not obey the convention of repeated label imply-
ing a summation over it and, when a summation over η
is performed, we write explicitly
∑
η. In terms of cre-
ation and annihilation operators, the quantized fields for
leptons are written as
ψη(x) =
∫
dp˜
(
brη(p)U
r
η (p)e
−ipx + dr†η (p)V
r
η (p)e
ipx
)
,
(55a)
ψ†η(x) =
∫
dp˜
(
br†η (p)U
†r
η (p)e
ipx + drη(p)V
†r
η (p)e
−ipx
)
,
(55b)
where dp˜ = 1p0 d
3p [20]. Note that U rη (p) etc. are just
the Dirac spinors discussed in the previous section, but
with a subscript η indicating the species of particle they
are related to. The creation and annihilation operators
satisfy the well-known anticommutation relations,
{b†rη (p), b†sη (q)} = 0, (56a)
{d†rη (p), d†sη (q)} = 0, (56b)
{brη(p), b†sη (q)} = p0δrsδ3(p− q), (56c)
{drη(p), d†sη (q)} = p0δrsδ3(p− q), (56d)
and {br†η (p), ds†η (q)} = 0 for r, s = 0, 1.
The photonic field is written as
Aµ(x) =
∫
dk˜aλ(k)ε
(λ)
µ (k)e
−ikx + a†λ(k)ε
(λ)∗
µ (k)e
ikx,
(57)
and other bosonic fields can be written in a similar way.
As is well known, components of the bosonic fields are
not completely independent of each other. But, this fact
does not influence the discussions to be given below and
we do not need to give any further discussion for it.
We use ψLη(x) and ψRη(x) to indicate the LH part
and the RH part of ψη(x) in Eq.(55a), respectively. In a
doublet form, the LH fields are written as
EL(x) =
(
ψLν(x)
ψLe(x)
)
. (58)
The two-component-spinor expressions of Dirac spinors
given in the previous section, e.g., that in Eq.(15), are
quite convenient for discussions to be given below, be-
cause they are already written in the LH-RH forms.
The total Lagrangian density includes two parts,
L(x) = Ll(x) + Lb(x), (59)
where Ll(x) represents the part involving leptons and
Lb(x) indicates the part for bosonic Yang-Mills fields.
The part Lb(x) can be constructed from commutators
of covariant derivatives. The part Ll(x) includes two
subparts, one for the LH fields, denoted by LLHl (x), and
the other for the RH field, denoted by LRHl (x), Ll(x) =
LLHl (x) + LRHl (x), where
LLHl (x) = iE†Lγ0γµDµEL, (60a)
LRHl (x) = iψ†Reγ0γµDµψRe. (60b)
The covariant derivative Dµ is written as
Dµ = ∂µ − iAconµ (x), (61)
where Aconµ (x) represents the connection field. When Dµ
acts on the LH and RH parts of the leptonic fields, the
field Aconµ (x) has different expressions, which we indicate
as AconL,µ(x) and A
con
R,µ(x), respectively. Specifically,
AconL,µ(x) = gA
a
µ(x)τ
a + yg′Bµ(x), (62a)
AconR,µ(x) = yg
′Bµ(x), (62b)
6where y = 1/2 for AconL,µ(x) and y = 1 for A
con
R,µ(x), τ
a
of a = 1, 2, 3 indicate the three generators of the SU(2)
group, which can be written as τaη′η in the matrix form,
Aaµ(x) represent the bosonic fields related to the SU(2)
symmetry, and Bµ(x) is for the bosonic field related to
U(1).
Gauge transformations with respect to the U(1) group
take the following forms,
ψη(x)→ V1(x)ψη(x), (63a)
ψ†η(x)→ ψ†η(x)V ∗1 (x), (63b)
Bµ(x)→ Bµ(x) − i
yg′
[∂µV1(x)]V
∗
1 (x), (63c)
where V1(x) represents U(1) elements,
V1(x) = exp
(− iα(x)) (64)
with a c-number real function α(x). Under these U(1)
transformations, the bosonic fields Aaµ(x) do not change
and the connection field changes as
Aconµ (x)→ Aconµ (x) − i[∂µV1(x)]V ∗1 (x), (65)
for both the LH and RH parts of the leptonic fields.
Note that, in the LH case, the second term on the rhs of
Eq.(65) in fact contains a 2× 2 unit matrix for the label
η, which is omitted here and hereafter for brevity.
Gauge transformations of the SU(2) group take the
following forms,
EL(x)→ V2(x)EL(x), (66a)
E†L(x)→ E†L(x)V †2 (x), (66b)
Aaµ(x)τ
a → V2Aaµ(x)τaV †2 −
i
g
(∂µV2)V
†
2 , (66c)
where V2(x) represents SU(2) elements,
V2(x) = exp
(− iαa(x)τa) (67)
with c-number real functions αa(x). Under these SU(2)
transformations, the bosonic field Bµ(x) does not change,
and the connection field changes as
AconL,µ(x)→ V2AconL,µ(x)V †2 − i(∂µV2)V †2 . (68)
The total Lagrangian is invariant under both classes of
gauge transformations discussed above.
B. A vacuum contribution to the total connection
We assume that, besides the bosonic vector fields
Aaµ(x) and Bµ(x), the total connection that should ap-
pear in the covariant derivative in Eq.(61) may contain
a contribution from vacuum fluctuations of the leptonic
fields. We call this contribution vacuum vector fields, and
use AvsL,µ and A
vs
R,µ to denote them, which are related to
the LH and RH leptonic fields, respectively, with the su-
perscript “vs” standing for “vacuum state”. Specifically,
we propose that, instead of Eq.(61), the covariant deriva-
tive Dµ should be written as
Dµ = ∂µ − iAtot−cL(R),µ(x), (69)
where Atot−cL(R),µ(x) indicates the total connection,
Atot−cL(R),µ(x) = A
con
L(R),µ(x) +A
vs
L(R),µ. (70)
The field AvsL,µ should be written as a 2× 2 matrix, in
accordance with the doublet form of EL for the LH fields
[cf. Eq.(60a)], that is,
AvsL,µ =
(
AvsLνν,µ A
vs
Lνe,µ
AvsLeν,µ A
vs
Lee,µ
)
. (71)
where AvsLηη′,µ indicates the vacuum vector field that is
related to the species η and η′. Meanwhile, the field AvsR,µ
has a singlet form and, for one species η, we write it as
AvsRη,µ. Since the vacuum vector fields are due to vacuum
fluctuations, it is natural to write them as the vacuum
expectation values of some Lorentz-covariant operators,
which we denote by A vs...,µ, specifically,
AvsLηη′,µ = N 〈0|A vsLηη′,µ|0〉, (72a)
AvsRη,µ = N 〈0|A vsRη,µ|0〉, (72b)
where |0〉 indicates the vacuum state and N is a constant
prefactor. For the sake of convenience in presentation,
sometimes we simply write AvsLηη,µ as A
vs
Lη,µ.
From the expression of the leptonic fields in Eq.(55a)
and the expressions of the Dirac spinors U r(p) and V r(p)
in Eqs.(15) and (20), one gets the following expression for
LH leptonic fields,
ψALη(x) =
1√
2
∫
dp˜ ur,Aη (p)G
r
Lη(p, x) (73)
with η = ν, e, where GrLη(p, x) is defined by
GrLη(p, x) = b
r
η(p)e
−ipx + dr†η (p)e
ipx. (74)
Note that spinor states in the LH fields are two-
component spinors and, hence, ψ has an explicit spinor
label A. The conjugate fields are written as
ψ†A
′
Lη (x) =
1√
2
∫
dp˜ ur,A
′
η (p)G
r
Lη(p, x), (75)
where
G
r
Lη(p, x) = b
r†
η (p)e
ipx + drη(p)e
−ipx. (76)
Similarly, the RH fields are written as
ψRη,A′(x) =
1√
2
∫
dp˜ vrη,A′(p)G
r
Rη(p, x), (77)
ψ†Rη,A(x) =
1√
2
∫
dp˜ vrη,A(p)G
r
Rη(p, x), (78)
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GrRη(p, x) = b
r
η(p)e
−ipx − dr†η (p)eipx, (79)
G
r
Rη(p, x) = b
r†
η (p)e
ipx − drη(p)e−ipx. (80)
The vector feature of the fields AvsLη,µ suggests that
they may include either a term ∂µψ
A
Lη or a term ∂µψ
†A′
Lη .
We consider the case of ∂µψ
A
Lη in what follows and sim-
ilar for AvsRη,µ. In order to construct an operator A
vs
Lη,µ,
whose vacuum expectation value does not necessarily
vanish, besides the term ∂µψ
A
Lη, another term is needed
that contains creation/annihilation operators like those
in ψ†Lη(x). We use φ
†
Lη(x) to indicate this second term.
Since the operator A vsLη,µ, as a part of the connection,
should not depend on the spinor label A in ∂µψ
A
Lη, φ
†
Lη(x)
should contain a spinor label of the same type, such that
a scalar product can be formed [cf. Eq.(8)] [21].
Specifically, the spinor-label dependence of the fields
ψALη comes from the label A of the Weyl spinor u
r,A
η (p) in
them. The simplest way of getting rid of this dependence
is to let φ†Lη(x) contain a Weyl spinor of the form w
s
η,A(q)
with the label A in the lower position, such that A vsLη,µ
contains a product term ur,Aη (p)w
s
η,A(q). In fact, making
use of Eqs.(10)-(11), this term is written as
−〈wsη(q)|SA〉〈SA|urη(p)〉 = 〈wsη(q)|IW |urη(p)〉, (81)
where the superficial dependence on A is moved away as
seen in the identity operator IW . Therefore, we write the
fields φ†Lη(x) in the following form,
φ†Lη,A(x) =
1√
2
∫
dp˜ wrη,A(p)G
r
Lη(p, x). (82)
For a reason that will be discussed in the paragraph below
Eq.(96), we set that
|wrη(p)〉 = |vrη(p)〉. (83)
It is straightforward to generalize the above discussions
to the operators A vsLηη′,µ related to two species of lepton,
as well as to A vsRη,µ, where the latter contain terms
φ†A
′
Rη (x) =
1√
2
∫
dp˜ ur,A
′
η (p)G
r
Rη(p, x). (84)
To summarize, we propose to consider the following ex-
plicit expressions for the A -operators,
A
vs
Lηη′,µ = (∂µψ
A
Lη)φ
†
Lη′,A, (85a)
A
vs
Rη,µ = (∂µψRη,A′)φ
†A′
Rη . (85b)
Note that, similar to the case with Avs discussed previ-
ously, A vsLηη,µ = A
vs
Lη,µ. For brevity, we call the fields in
Eqs.(82) and (84) φ†-fields, while, call fields like that in
Eq.(73) ψ-fields.
Substituting the above-discussed plane-wave expan-
sions of fields into Eq.(85) and making use of Eq.(56c),
as well as Eq.(23) which gives that vrη,A(p)u
r,A
η (p) = 2,
direct derivation shows that
〈0|A vsLη,µ|0〉 = 〈0|A vsRη,µ|0〉 = −i
∫
dp˜ pµ. (86)
The integration on the rhs of Eq.(86) over the whole re-
gion of three-momentum gives a divergent result. In or-
der to get finite results, one may employ a momentum
regularization scheme, in which a finite three-momentum
region with |p| < Λ is considered [22]. Within this mo-
mentum region, the integration on the rhs of Eq.(86),
denoted by JΛµ , can be easily evaluated,
JΛµ =
(
4
3
πΛ3, 0, 0, 0
)
. (87)
Moreover, it is easy to verify that 〈0|A vsLηη′,µ|0〉 = 0 for
η 6= η′. Thus, the vacuum vector fields are written as
Avs,ΛLηη′,µ = −iN JΛµ δηη′ , (88a)
Avs,ΛRη,µ = −iN JΛµ . (88b)
Since the rhs of Eq.(88) are x-independent and Avs,ΛLηη′,µ
include a unit matrix δηη′ , the vacuum vector fields
should give a zero contribution to the Lagrangian of
the connection fields. Substituting Eq.(88) into Eq.(60),
one finds that their contribution to the interaction La-
grangian, denoted by Lvs,Λint , is written as
Lvs,Λint = −iN
(
ψ†eγ
0γµJΛµ ψe + ψ
†
Lνγ
0γµJΛµ ψLν
)
. (89)
In the computation of scattering matrix, due of the con-
stant feature of JΛµ , the contribution of Lvs,Λint can be dealt
with in a way similar to the mass terms for leptons. Since
no experimental signature for existence of such a contri-
bution has ever been observed, when a renormalization
procedure is carried out, one may introduce a counter
term that exactly cancels this contribution and, then,
take the limit of Λ → ∞. Under this treatment, the
vacuum vector fields have no experimentally-observable
effect.
C. Gauge transformations of vacuum vector fields
In this section, we discuss changes of the vacuum vec-
tor fields AvsL(R),µ under gauge transformations of the lep-
tonic fields. Let us first discuss the U(1) transformations
in Eq.(63a). We assume that the φ†-fields transform in
the same way as the ψ†-fields, that is,
φ†L(R)η,A(A′) → φ†L(R)η,A(A′)V ∗1 (x). (90)
Substituting these transformations into the expressions
of the operators A in Eqs.(85), and noting that
〈0|ψALηφ†Lη′,A|0〉 = δηη′
∫
dp˜ (91)
8with the integration understood in the same way as that
discussed above for Eq.(86), straightforward derivation
gives the following change of the vacuum vector fields,
AvsL(R),µ → AvsL(R),µ + N (∂µV1)V ∗1
∫
dp˜. (92)
We take the prefactor N as
N = −i
(∫
dp˜
)−1
, (93)
such that the above change of the vacuum vector fields
is written as
AvsL(R),µ → AvsL(R),µ − i(∂µV1)V ∗1 . (94)
This change of the vacuum vector fields has the same
form as the rhs of Eq.(65).
Next, we discuss the SU(2) transformations in
Eq.(66a). With the leptonic labels written explicitly, one
writes ψALη(x)→ V2,ηη′ψALη′(x). We also assume that the
φ†-fields transform in the same way as the ψ†-fields, that
is,
φ†L(R)η,A(A′) →
∑
η′
φ†L(R)η′,A(A′)V
†
2,η′η. (95)
Substituting the above transformations into Eq.(85a),
then, into Eq.(72), one gets that
AvsLηη′,µ →
∑
η1η′1
N 〈0| (∂µV2,ηη1ψALη1)φ†Lη′
1
,AV
†
2,η′
1
η′(x)|0〉.
Then, noting that V2A
vs
L,µV
†
2 = A
vs
L,µ as a result of the
term δηη′ on the rhs of Eqs.(88a), and making use of
Eq.(91), direct derivation gives that
AvsL,µ → AvsL,µ − i(∂µV2)V †2 . (96)
It is seen that the change in Eq.(96) is equal to the second
term on the rhs of Eq.(68).
Now, we can discuss the reason of setting Eq.(83). If
otherwise setting |wrη(p)〉 = |urη(p)〉, following arguments
similar to those discussed above, one finds that both the
vacuum vector fields AvsL(R),µ and their changes under
U(1) and SU(2) transformations would be proportional
to a term (urη,A(p)u
r,A
η (p)), which definitely vanishes as
a result of the property in Eq.(9).
To summarize, with the vacuum vector fields taken into
account, the total Lagrangian remains invariant under
U(1) and SU(2) gauge transformations of the leptonic
fields, if instead of Eqs.(63c) and (66c), one assumes the
following transformations of the bosonic fields,
Bµ(x)→ Bµ(x), (97a)
Aaµ(x)τ
a → V2(x)Aaµ(x)τaV †2 (x). (97b)
IV. LOCAL PHASE CHANGES OF BASIS
STATES
In this section, we discuss local phase transformations
of basis states that are employed in the description of
single-lepton states, as well as related changes of the lep-
tonic and connection fields. Specifically, we write the
basis states and leptonic fields in the abstract notation
in Sec.IVA, then, discuss the local phase transformations
in Sec.IVB. Within this section, there is no need to dis-
tinguish between the two species of η = ν and η = e and,
hence, we omit the label η for brevity.
A. Basis states in the abstraction notation
In this section, we discuss single-leptonic basis states,
each of which is a direct product of a spatial part |x〉
related to a spatial point x and a spinor part of the Dirac
type. The spinor part of the basis, denoted by |Qα〉 with
α = A,B′ (A = 0, 1 and B′ = 0′, 1′), is defined by
|Qα=A〉 :=
( |SA〉
0
)
, |Qα=B′〉 :=
(
0
|SB′〉
)
. (98)
The bras of |Qα〉, denoted by 〈Qα|, are written as
〈QA| = (〈SA|, 0), 〈QB′ | = (0, 〈SB′ |). (99)
Here, no complex conjugation is involved when kets are
changed to bras, like the case of Weyl spinors [cf. Eq.(2)].
Components of the Dirac spinors |U r(p)〉 and |V r(p)〉
in the basis |Qα〉, denoted by U rα(p) and V rα (p), respec-
tively, are given by
U rα(p) = 〈Qα|U r(p)〉, (100a)
V rα (p) = 〈Qα|V r(p)〉. (100b)
Making use of Eqs.(11), (24), and (99), it is easy to check
that
U rα=A(p) =
1√
2
urA(p), U rα=B′(p) =
1√
2
vrB′(p),
(101a)
V rα=A(p) =
1√
2
urA(p), V rα=B′ (p) = −
1√
2
vrB′(p).
(101b)
Thus, U rα(p) and V
r
α (p) are equal to the components of
|U r(p)〉 and |V r(p)〉 given in Eqs.(15) and (20).
One may consider the complex conjugates of |Qα〉, de-
noted by |Qα′〉 with α′ = A′, B, which are written as
|QA′〉 =
(
|SA
′
〉
0
)
, |QB〉 =
(
0
|SB〉
)
. (102a)
The spinors |Qα′〉 give a basis, on which |U
r
(p)〉 can be
expanded (similar for |V r(p)〉). Their bras, denoted by
9〈Qα′ |, are written as
〈QA′ | = (〈S
A′ |, 0), 〈QB| = (0, 〈SB|). (103)
The complex conjugates of the components in Eq.(100)
are written as
U
r
α′(p) = 〈Qα′ |U
r
(p)〉. (104a)
V
r
α′(p) = 〈Qα′ |V
r
(p)〉. (104b)
Making use of the spinors |Qα〉, basis states for a single
lepton are written as
|bα(x)〉 := |x〉|Qα〉, (105)
each with a definite spatial coordinate x and a definite
spinor label α. The bra corresponding to |bα(x)〉 is writ-
ten as
〈bα(x)〉| = 〈x|〈Qα|. (106)
It proves also useful to consider the following vectors:
|bα′(x)〉 := |x〉|Qα′〉 & 〈bα′(x)| = 〈x|〈Qα′ |. (107)
Finally, we write the leptonic fields in terms of the
basis states discussed above. To this end, we make use
of Eqs.(100) and (104), and write the plane waves as
eip·x = (2π)3/2〈x|p〉 and e−ip·x = (2π)3/2〈p|x〉. Noting
Eq.(9), the leptonic fields in Eq.(55) can be written in
the following forms, with the label α written explicitly,
ψα(x) = (2π)
3
2 〈bα(x)|
(∫
dp˜|U r(p)〉|p〉e−ip0tbr(p)
)
−(2π) 32
(∫
dp˜eip
0tdr†(p)〈V r(p)|〈p|
)
|bα(x)〉, (108a)
ψ†α′(x) = −(2π)
3
2
(∫
dp˜eip
0tbr†(p)〈U r(p)|〈p|
)
|bα′(x)〉
+(2π)
3
2 〈bα′(x)|
(∫
dp˜|V r(p)〉|p〉e−ip0tdr(p)
)
. (108b)
B. Local phase transformations for basis states
In this section, we discuss phase transformations for
the basis states discussed above. Due to the local feature
of the basis states such as |bα(x)〉, phases of the trans-
formations may be x-dependent. We are interested in
whether such transformations of basis states may make
the leptonic and connection fields change in manners like
U(1) gauge transformations.
Using θ(x) to indicate local phases apart from the sign,
the above-discussed phase transformations introduce fac-
tors e±iθ(x) to the basis states. On the rhs of Eq.(108a),
the basis states appear as bras 〈bα(x)| in the first part,
while they appear as kets |bα(x)〉 in the second part.
Due to this property, if one wants ψα(x) to change in
a way like a U(1) gauge transformation, under which the
two parts transform in a same way, the sign before θ(x)
should not be determined by the spatial part of a basis
state, but should be determined by the spinor part. The
situation is similar with ψ†α′(x) in Eq.(108b). Specifically,
a same sign is related to |Qα〉 and 〈Qα|, while, the oppo-
site sign is related to |Qα′〉 and 〈Qα′ |. Thus, the phase
transformations of the basis states are written as
|bα(x)〉 → e−iθ(x)|bα(x)〉, (109a)
〈bα(x)| → e−iθ(x)〈bα(x)|, (109b)
|bα′(x)〉 → eiθ(x)|bα′(x)〉, (109c)
〈bα′(x)| → eiθ(x)〈bα′(x)|. (109d)
The transformations in Eq.(109) can, in fact, be writ-
ten in a more concise form. To this end, let us discuss
consequences of the following map of the basis spinors
|SA〉,
|SA〉 → |qA〉 = e−iθ|SA〉, (110)
where θ is a real parameter. The relation between Eq.(1)
and Eq.(2) implies that the bras 〈SA| should change as
〈SA| → 〈qA| = e−iθ〈SA|. (111)
Clearly, the spinors |qA〉 can also be employed as a basis
in the Weyl-spinor space W . But, unlike Eq.(3), they
satisfies 〈qA|qB〉 = e−2iθǫAB. In order to keep the ex-
pression of scalar product in Eq.(8) and the expression
of identity operator in Eq.(10), one may consider the fol-
lowing ε-matrices,
εAB = e−2iθǫAB, εAB = e
2iθǫAB, (112)
for which 〈qA|qB〉 = εAB.
One can use the ε-matrices to raise and lower the
spinor labels of the basis spinors |q〉, in a way similar to
the ǫ-matrices for |S〉 discussed previously. For example,
|qA〉 = |qB〉εBA. This implies that
|SA〉 → |qA〉 = eiθ|SA〉, 〈SA| → 〈qA| = eiθ〈SA|, (113)
and 〈qA|qB〉 = εAB. Taking complex conjugation for
Eqs.(110)-(111) and Eq.(113), one gets that
|SA
′
〉 → |qA′〉 = eiθ|SA
′
〉, (114a)
|SA′〉 → |qA′〉 = e−iθ|SA′〉, (114b)
and similar for bras. Making use of the above results,
it is easy to verify that the Q-spinors should change as
follows,
|Qα〉 → e−iθ|Qα〉, 〈Qα| → e−iθ〈Qα|, (115a)
|Qα′〉 → eiθ|Qα′〉, 〈Qα′ | → eiθ〈Qα′ |. (115b)
Now, we back to the phase transformations of basis
states in Eq.(109). Since the map in Eq.(110) implies
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the changes of the Q-spinors in Eq.(115), Eq.(109) can
be written in the following concise form,
|SA〉 → e−iθ(x)|SA〉 for |SA〉 in |bα(x)〉. (116)
That is, the phase changes can be effectively assigned to
the basis spinors |SA〉 in basis states |bα(x)〉.
It is straightforward to verify that, under the trans-
formations in Eq.(109), the leptonic fields in Eq.(108)
change in the following way,
ψα(x)→ e−iθ(x)ψα(x), (117a)
ψ†α(x)→ eiθ(x)ψ†α(x), (117b)
which have the same forms as the U(1) gauge transfor-
mations. To study changes of the φ†-fields in Eqs.(82)
and (84), let us put these LH and RH parts together and
write them in a unified form like ψ†(x) in Eq.(55b), i.e.,
φ†(x) =
∫
dp˜
(
br†(p)W †r(p)eipx + dr(p)X†r(p)e−ipx
)
,
(118)
where
W r(p) =
1√
2
(
vrA′(p)
ur,B(p)
)
, Xr(p) =
1√
2
(
vrA′(p)
−ur,B(p)
)
.
(119)
In order to write the spinors W r(p) and Xr(p) in the
abstract notation, like the basis spinors |Qα〉 in Eq.(98),
we introduce basis spinors with the spinor labels in the
opposite positions, i.e.,
|Qα=A〉 :=
( |SA〉
0
)
, |Qα=B′〉 :=
(
0
|SB
′
〉
)
, (120)
as well as the corresponding bras 〈Qα| and their complex
conjugates |Qα
′
〉 and 〈Qα
′
|. Then, the components of
W r(p) and Xr(p) have the following expressions, with
the label α written explicitly,
W r,α(p) = 〈Qα
′
|W r(p)〉, Xr,α(p) = 〈Qα
′
|Xr(p)〉,
(121)
where
|W r(p)〉 = 1√
2
( |vr(p)〉
|ur(p)〉
)
, |Xr(p)〉 = 1√
2
( |vr(p)〉
−|ur(p)〉
)
.
(122)
Using the above notations, the φ†-fields in Eq.(118) are
written in the following form [cf. Eq.(108b)],
φ†,α(x) = −(2π) 32
(∫
dp˜eip
0tbr†(p)〈W r(p)|〈p|
)
|x〉|Qα〉
+(2π)
3
2 〈x|〈Qα|
(∫
dp˜|Xr(p)〉|p〉e−ip0tdr(p)
)
. (123)
Following a procedure similar to that leading to Eq.(115),
one finds that, under the transformations in Eq.(116),
the basis states |x〉|Qα〉 and 〈x|〈Qα| should change as
follows,
|x〉|Qα〉 → eiθ(x)|x〉|Qα〉, 〈x|〈Qα| → eiθ(x)〈x|〈Qα|.
(124)
Then, the φ†-fields in Eq.(123) should change as
φ†,α(x)→ eiθ(x)φ†,α(x), (125)
in a way similar to ψ†α(x).
Clearly, the phase transformations in Eq.(116) do not
influence the bosonic fields Aaµ and Bµ. But, they do
influence the vacuum vector fields AvsL,µ. In fact, mak-
ing use of Eqs.(117) and (125), and following arguments
similar to those leading to Eq.(94), one finds that
AvsL(R),µ → AvsL(R),µ − ∂µθ, (126)
which has the same form as the change in Eq.(94) under
U(1) gauge transformations. It is straightforward to ver-
ify that the total Lagrangian is invariant under the above
changes of the basis states and fields.
V. LOCAL CHANGES OF LH SPINOR SPACES
In this section, we discuss a type of transformations of
the spinor spaces for LH leptonic states. Specifically, the
transformations are introduced in Sec.VA. Influences of
the transformations on the LH leptonic fields are studied
in Sec.VB, and those on the bosonic fields are discussed
in Sec.VC. Finally, in Sec.VD, we discuss changes of the
vacuum vector fields.
A. LH Spinor-space transformations for leptons
We use Wη to denote the space that is spanned by
the LH spinor states of a species η. The basis in it is
written as |SAη 〉 of A = 0, 1. The direct sum of Wν and
We, denoted by Weν , Weν = Wν ⊕We, is spanned by the
four spinors |SAη 〉. The complex conjugate space of Wη
is written as W η, with a basis |SA
′
η 〉. Components of
spinors in these spaces are written as, for example,
ur,Aη (p) = 〈SAη |urη(p)〉, (127a)
us,B
′
η (q) = 〈S
B′
η |usη(q)〉. (127b)
The space dual to Weν is spanned by bras 〈SAη |. Gener-
alizing the scalar product in Eq.(3) and noting that the
two subspaces We and Wν are for different particles, we
assume that the above basis spinors have the following
scalar products,
〈SAη |SBη′〉 = ǫABδηη′ . (128)
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Suppose that Weν has another direct-sum division,
written as Weν = W˜1⊕ W˜2, where W˜ξ of ξ = 1, 2 are two-
dimensional spaces, each spanned by |S˜Aξ 〉 of A = 0, 1.
The spinors |S˜Aξ 〉 are mixtures of |SAη 〉 for each label A,
satisfying the following relation,
|SAη 〉 =
∑
ξ
R∗ηξ|S˜Aξ 〉 =
∑
ξ
|S˜Aξ 〉R†ξη, (129)
where Rηξ represents a 2×2 matrix element of the SU(2)
group. It is easy to see that the two subspaces W˜1 and
W˜2 transform in the same way under Lorentz transforma-
tions. Moreover, one may require that scalar products of
the spinors |S˜Aξ 〉 have the same form as those of |SAη 〉
given in Eq.(128), that is,
〈S˜Aξ |S˜Bξ′ 〉 = ǫABδξξ′ . (130)
The relation between the bras 〈S˜Aξ | and the bras 〈SAη |
for a fixed label A, subject to the relation in Eq.(129),
needs not be like that in Eq.(2), because the two bras
〈SAη | of η = ν, e do not span a space dual to W . Generi-
cally, one may write
〈SAη | =
∑
ξ
Xηξ〈S˜Aξ |. (131)
Substituting Eqs.(129) and (131) into Eq.(128) and
making use of Eq.(130), direct derivation gives that∑
ξ R
∗
η′ξXηξ = δηη′ . This implies that Xηξ = (R
−1
ξη )
∗ =
Rηξ and , as a result,
〈SAη | =
∑
ξ
Rηξ〈S˜Aξ |. (132)
The two subspaces W˜1 and W˜2 discussed above possess
all those mathematical properties of We and Wν that are
necessary for the purpose of describing LH spinor states
of leptons. Hence, it should be equally legitimate to em-
ploy W˜1 and W˜2 to describe LH spinor states of leptons.
In other words, one may perform a transformation of the
description spaces for LH spinor states of leptons from
Wη to W˜ξ, namely,
Wη → W˜ξ. (133)
We call such a transformation an LH spinor-space trans-
formation. Hereafter, for the sake of convenience in dis-
cussion, instead of ξ = 1, 2, we write ξ = ν, e, and we use
tilde to indicate results of such a transformation, except
for dp˜ = d3p/p0.
We are to show that if the LH spinor-space transfor-
mations are required to satisfy the following rules, then,
they lead to results with formal similarity to SU(2) gauge
transformations.
• LH spinor-space transformation (LST) rules:
(i) Basis spinors should change according to
Eqs.(129) and (132);
(ii) basis-independent terms should be transformed
in a directly way, with η directly replaced by ξ;
(iii) spinors in the ψ- and ψ†-fields should be writ-
ten in the form of Eq.(127).
Some explanations. (a) As an example of the LST rule-
(ii), a spinor |urη(p)〉 transforms as
|urη(p)〉 → |u˜rξ(p)〉, (134)
satisfying
〈S˜Aξ |u˜rξ(p)〉 = 〈SAη |urη(p)〉 for ξ = η, (135)
that is, u˜r,Aξ (p) = u
r,A
η (p) in the component form. The
transformed annihilation and creation operators, say,
b˜rξ(p) and b˜
†r
ξ (p), should satisfy the same anticommuta-
tion relations as the old ones. (b) Since uA = 〈SA|u〉 =
−〈u|SA〉, when writing the spinor components in the LH
leptonic fields as scalar products, both |SA〉 and 〈SA|
may be used, however, |SA〉 and 〈SA| transform differ-
ently according to Eq.(129) and Eq.(132), respectively.
The LST rule-(iii) requires that spinor components in
the leptonic fields should be written in the way that ba-
sis spinors appear as bras.
Finally, the total state space for LH states of single
leptons, denoted by ELH, is a direct-product space written
as
ELH =
⊕
x
|x〉 ⊗Weν =
⊕
x,η,A
|x〉|SAη 〉. (136)
When an LH spinor-space transformation is performed,
it is in fact done within a subspace of ELH, namely, within
|x〉 ⊗ Weν . Hence, the transformation may be different
at different spatial-temporal points x, that is, the matrix
Rηξ in Eq.(129) may be x-dependent and be written as
Rηξ(x). But, for the sake of simplicity in presentation,
in what follows we do not indicate this x-dependence ex-
plicitly, and we do not write the spatial basis states |x〉
explicitly, either.
B. Changes of LH leptonic fields
In this section, we discuss changes of the LH leptonic
fields under LH spinor-space transformations. Let us
first discuss the field ψALη(x) in Eq.(73). With the Weyl
spinors written as in Eq.(127a), according to the LST
rules-(i) and (ii), ur,Aη (p) should change to the following
summation,∑
ξ
Rηξ〈S˜Aξ |u˜rξ(p)〉 =
∑
ξ
Rηξu˜
r,A
ξ (p). (137)
As a result, the fields ψALη change as
ψALη(x)→
∑
ξ
Rηξψ˜
A
Lξ(x), (138)
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where
ψ˜ALξ(x) =
1√
2
∫
dp˜ u˜r,Aξ (p)G˜
r
Lξ(p, x), (139)
G˜rLξ(p, x) = b˜
r
ξ(p)e
−ipx + d˜r†
ξ
(p)eipx. (140)
Next, we discuss the conjugate fields ψ†B
′
Lη (x). Writing
the components us,B
′
η (q) as in Eq.(127b) and noting that
the complex conjugate of Eq.(132) gives that
〈SA
′
η | =
∑
ξ
〈S˜
A′
ξ |R†ξη, (141)
one finds that
ψ†B
′
Lη (x)→
∑
ξ
ψ˜†B
′
Lξ (x)R
†
ξη , (142)
where
ψ˜†B
′
Lξ (x) =
1√
2
∫
dp˜ u˜
r,B′
ξ (p)G˜
r
Lξ(p, x), (143)
G˜
r
Lξ(p, x) = b˜
r†
ξ (p)e
ipx + d˜r
ξ
(p)e−ipx. (144)
It is seen that the changes of the LH leptonic fields in
Eqs.(138) and (142) have the same formal forms as the
SU(2) gauge transformations in Eqs.(66a) and (66b).
Finally, we discuss the φ†-fields φ†Lη,A(x). The sole
function of these fields is that they are used in the con-
struction of the vacuum vector fields [cf. Eq.(85)]. Hence,
the spinors wrη,A(p) in them should be written in a form
that is consistent with the left-hand side of Eq.(81). This
implies that one should write
wrη,A(p) = −〈wrη(p)|Sη,A〉. (145)
Then, making use of Eq.(129) with the spinor label low-
ered and Eq.(83), one gets that
φ†Lη,A(x)→
∑
ξ
φ˜†Lξ,A(x)R
†
ξη , (146)
where
φ˜†Lξ,A(x) =
1√
2
∫
dp˜ v˜r,Aξ (p)G˜
r
Lξ(p, x). (147)
C. Changes of bosonic fields
There is no reason for the two bosonic fields Aaµ(x) and
Bµ(x) to change under LH spinor-space transformations
and, hence, they should remain invariant. But, because
of τa, the term Aaµ(x)τ
a, which appears in the connection
field, should change. In this section, we discuss changes
of Aaµ(x)τ
a.
In order to determine the way in which Aaµ(x)τ
a should
change under the LST rules, we consider the following
quantity,
Fη′η,B′A = σ
µ
B′AA
a
µτ
a
η′η. (148)
To write Fη′η,B′A in the abstract notation, let us consider
the three terms in it separately. Related to σµB′A is the
operator σ in Eq.(53), which is written as follows for a
species η,
ση = |Tµ〉σµD′C〈SCη |〈S
D′
η |, (149)
where Eq.(6) has been used to move positions of the
spinor labels. Related to the matrix τaη′η, one may con-
sider the following operator,
πa :=
∑
η,η′
τaη′η|SAη′〉〈Sη,A|. (150)
The bosonic fields Aaµ(x) can be written in a form like
that in Eq.(57), which contain the polarization vectors
ελµ(k). These vectors are written as |ελ(k)〉 in the ab-
stract notation, with |ελ(k)〉 = ελµ(k)|T µ〉. Making use
of Eqs.(45)-(46) and (48), direct derivation shows that
ελµ(k) = 〈ελ(k)|Tµ〉, ελ∗µ (k) = 〈ελ(k)|Tµ〉. (151)
Hence, the fields Aaµ(x) can be written in the following
form,
Aaµ ≡ Aa〈V ||Tµ〉, (152)
whereAa〈V | include bra-vectors that can form scalar prod-
ucts with |Tµ〉.
Making use of the operators discussed above, Fη′η,B′A
in Eq.(148) is written in the following form,
Fη′η,B′A = A
a
〈V |ση′ |Sη′,B′〉πa|Sη,A〉, (153)
which can be directly verified by substituting Eqs.(150)
and (149) into the rhs of Eq.(153) and making use of
Eqs.(152), (128), and (7). Note that the term Aa〈V | does
not change under LH spinor-space transformations. Al-
though the expressions of the operators ση and π
a given
above include basis spinors, one can show that their forms
are in fact basis-independent (see Appendix B). Hence,
these two operators should change in a direct way, that
is,
πa → π˜a =
∑
ξ,ξ′
τaξ′ξ|S˜Aξ′〉〈S˜ξ,A|, (154)
σµη → σ˜
µ
ξ = |Tµ〉σµD′C〈S˜Cξ |〈S˜
D′
ξ |, (155)
where τaξ′ξ = τ
a
η′η for ξ = η and ξ
′ = η′.
Then, substituting Eq.(129) and its complex conjugate
and Eqs.(154)-(155) into Eq.(153), one finds that
Fη′η,B′A →
∑
ξ,ξ′
Rη′ξ′ F˜ξ′ξR
†
ξη, (156)
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where F˜ξ′ξ,B′A = σ
µ
B′AA
a
µτ
a
ξ′ξ. From Eqs.(148) and (156),
one finds the following change of Aaµτ
a,
Aaµτ
a
η′η →
∑
ξ,ξ′
Rη′ξ′(A
a
µτ
a
ξ′ξ)R
†
ξη. (157)
It has the same formal form as the SU(2) gauge trans-
formation in Eq.(97b).
D. Changes of the vacuum vector fields and the
Lagrangian
To complete our discussions, let us discuss changes
of the vacuum vector fields AvsLηη′,µ under LH spinor-
space transformations. Substituting the transformations
in Eqs.(138) and (146) into Eq.(85a), then, into Eq.(72a),
one finds that
AvsLηη′,µ → N
∑
ξξ′
(
∂µRηξ〈0|ψ˜ALξ
)
φ˜†Lξ′,A|0〉R†ξ′η′ . (158)
Noting that Eqs.(88a) and (91) are also valid for the label
ξ, one can compute the rhs of Eq.(158) and find that
AvsLηη′,µ → AvsLξξ′,µ − i
∑
ξ
(∂µRηξ)R
†
ξη′ . (159)
Thus, the vacuum vector fields transform in the same
formal way as in Eq.(96) under SU(2) gauge transforma-
tions.
To summarize, under LH spinor-space transforma-
tions, the leptonic fields and the connection fields change
in the ways given in Eqs.(138), (142), (157) with Bµ(x)
unchanged, and (159). These changes have the same for-
mal forms as the SU(2) gauge transformations given in
Eqs.(66a), (66b), (97), and (96), respectively. One may
dirctly verify invariance of the LH Lagrangian LLHl (x) in
Eq.(60a) by writing it as
LLHl = iE†B
′
L σ
µ
B′A
(
∂µ − igAaµτa − iyg′Bµ −AvsL,µ
)
EAL ,
(160)
where Eq.(16) has been used to get the following expres-
sion of γ0γ
µ,
γ0γ
µ =
(
σµB′A 0
0 σµDC
′
)
. (161)
Therefore, the form of the electroweak Lagrangian re-
mains invariant under LH spinor-space transformations
and this symmetry has the same formal form as the
SU(2) gauge symmetry.
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, it is proposed that the total connec-
tion field in the electroweak theory may include vac-
uum vector fields, as contributions from vacuum fluctua-
tions of the leptonic fields, which have no experimentally-
observable effect. It has been found that, with the vac-
uum vector fields taken into account, the form of the
total Lagrangian is invariant under local phase transfor-
mations of the basis states for leptons, as well as, under
certain local transformations of the LH spinor spaces for
leptons. And, changes of the leptonic fields and of the
connection fields under these transformations possess the
same formal forms as U(1) and SU(2) gauge transforma-
tions, respectively.
The above results suggest that the gauge transforma-
tions in the electroweak theory may be interpreted as
originating from certain changes of the basis states em-
ployed in the description of leptonic states. In particu-
lar, in this interpretation, SU(2) gauge transformations
do not really mix LH electron states and LH electron
neutrino states, but, they mix basis states of the math-
ematical spaces that are employed in the description of
the LH states. This gives a simple physical interpretation
to the gauge symmetries; that is, the physics should not
depend on the concrete bases employed, as long as the
bases possess the necessary mathematical properties for
descriptions.
It is worth future investigation whether the approach
adopted in this paper may be useful for further under-
standing of the SU(3) gauge symmetry in quantum chro-
modynamics. But, a direct application of the present
method would not work, because the SU(3) gauge sym-
metry involves a color degree of freedom, which is usually
regarded as being independent of the spin degree of free-
dom.
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Appendix A: SL(2, C) and Lorentz transformations
In this appendix, we recall the relation between
SL(2, C) transformations and Lorentz transformations
given in the spinor theory [12–16]. Particularly, when
SL(2, C) transformations are carried out on a space W ,
the corresponding transformations on the space V are
Lorentz transformations.
The group SL(2, C) is composed of 2× 2 complex ma-
trices with unit determinant, written as
hAB =
(
a b
c d
)
with ad− bc = 1. (A1)
Under a transformation given by hAB, a two-component
spinor κA is transformed to
κ˜A = hABκ
B. (A2)
In this appendix, we use a tilde to indicate the result of
a SL(2, C) transformation.
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It is straightforward to verify that ǫAB is invari-
ant under SL(2, C) transformations, that is, ǫ˜AB =
hACh
B
Dǫ
CD has the same matrix form as ǫAB in Eq.(4).
Direct computation can verify the following relations,
hABh
B
C = h
B
Ch
A
B = −ǫ AC = −δAC . (A3)
hADh
A
C = ǫDC , h
A
Bh
CB = ǫAC . (A4)
It is not difficult to verify that the product χAκ
A is a
scalar product, that is, χ˜Aκ˜
A = χAκ
A.
When κA is transformed by a matrix hAB, κ
A′ is trans-
formed by its complex-conjugate matrix, namely,
κ˜
A′
= h
A′
B′κ
B′ , (A5)
where
h
A′
B′ := (h
A
B)
∗ with A = A′, B = B′. (A6)
Now, we discuss relation between SL(2, C) transforma-
tions and Lorentz transformations. Related to a SL(2, C)
transformation hAB performed on a spaceW , we use Λ
µ
ν
to denote the corresponding transformation on the space
V ,
K˜µ = Λµ νK
ν. (A7)
It proves convenient to require invariance of the EM-
symbols under SL(2, C) transformations, namely,
σ˜µA
′B = σµA
′B, (A8)
where
σ˜µA
′B = Λµ νh
A′
C′h
B
Dσ
νC′D. (A9)
This requirement can fix the form of Λµ ν . In fact, sub-
stituting Eq.(A9) into Eq.(A8) and rearranging the po-
sitions of some labels, one gets
σµA′B = Λ
µ
νhA′C′hBDσ
νC′D. (A10)
Multiplying both sides of Eq.(A10) by h
A′
E′h
B
Fσ
E′F
ν ,
the rhs gives
Λµ ηhA′E′hBFσ
ηE′Fh
A′
C′h
B
Dσ
C′D
ν
= Λµ ηǫE′C′ǫFDσ
ηE′FσC
′D
ν = Λ
µ
ν , (A11)
where Eq.(A4) and Eq.(36) have been used. Then, one
gets the following expression for Λµ ν ,
Λµ ν = σ
µ
A′Bh
A′
C′h
B
Dσ
C′D
ν . (A12)
Substituting Eq.(A12) into the product Λµ ηΛ
ν
ξg
ηξ,
one gets
σµA′Bh
A′
C′h
B
Dσ
C′D
η σ
ν
E′Fh
E′
G′h
F
Hσ
G′H
ξ g
ηξ.
Using Eq.(37), this gives
σµA′Bh
A′
C′h
B
Dσ
ν
E′Fh
E′C′
hFD.
Then, noting Eqs.(A4) and (32), one gets the first equal-
ity in the following relations,
Λµ ηΛ
ν
ξg
ηξ = gµν , Λµ ηΛ
ν
ξgµν = gηξ. (A13)
The second equality in (A13) can be proved in a similar
way. Therefore, the transformations Λµ ν constitute the
(restricted) Lorentz group and the space V is composed
of four-component vectors.
The transformations Λ and the matrix g have the fol-
lowing properties. (i) The inverse transformation of Λµ ν ,
denoted by Λ−1 has the simple expression,
(Λ−1)ν µ = Λ
ν
µ ⇐⇒ (Λ−1)νµ = Λµν . (A14)
In fact, substituting Eq.(A12) into the product Λµ νΛ
ν
λ
and making use of Eqs.(A3), (36), and (6), it is straight-
forward to verify Eq.(A14).
(ii) Equation (A13) implies that the matrix gµν is in-
variant under the transformation Λ, that is,
g˜µν = gµν . (A15)
(iii) The product KµgµνJ
ν = KµJ
µ is a scalar under
the transformation Λ, i.e.,
K˜µJ˜
µ = KµJ
µ, (A16)
which can be readily proved making use of Eq.(A13).
(iv) Making use of Eq.(54), it is straightforward to
show that the transformation Λ is real, namely,
Λµ ν = (Λ
µ
ν)
∗. (A17)
Then, it is easy to check that K∗µJ
µ is also a scalar prod-
uct.
Appendix B: Basis-independence of ση and pi
a
In this appendix, we show that the forms of the op-
erators ση and π
a are basis-independent. To this end,
one may consider an arbitrary SL(2, C) transformation
hAB, which connects |SAη 〉 and |SAη′〉 to new basis states
written as |sAη 〉 and |sAη′〉, respectively, that is,
|SAη 〉 = hAB|sBη 〉, (B1a)
|SAη′〉 = hAB|sBη′〉. (B1b)
Let us first discuss the operator ση in Eq.(149). Under
the SL(2, C) transformation in Eq.(B1a), basis bras in
the spaces dual to Wη and W η change as follows,
〈SAη | = hAB〈sBη |, 〈S
A′
η | = h
A′
B′〈sB
′
η |. (B2)
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Meanwhile, a Lorentz transformation related to hAB, de-
noted by Λµν , should connect the basis states |Tµ〉 to a
new set of basis vectors, denoted by |tµ〉, that is,
|Tµ〉 = Λ νµ |tν〉. (B3)
Substituting Eqs.(B2)-(B3) into Eq.(149) and making
use of the invariance of the EW-symbols under SL(2, C)
transformations shown in Eq.(A8), one finds that
ση = |tµ〉σµD′C〈sCη |〈sD
′
η |. (B4)
Hence, the form of ση is basis-independent.
Next, we discuss πa. Noting the relations in
Eqs.(2) and (6), from Eq.(B1a) one gets that 〈Sη,A| =
−h BA 〈sη,B|. Substituting this result and Eq.(B1b) into
Eq.(150), one finds that
πa = −
∑
η,η′
τaη′ηh
A
B|sBη′〉h CA 〈sη,C |.
Then, using Eq.(A3), one gets that
πa =
∑
η,η′
τaη′η|sBη′〉〈sη,B |, (B5)
showing that the form of πa is also basis-independent.
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